In this paper I summarize some of the recent advances in studies of dense matter. Research on phase separation in the binary ionic mixtures (BIMs) that constitute the matter in white dwarfs has been motivated by the need to obtain accurate estimates for the ages of the faintest white dwarfs and thus of the disk of our Galaxy. Substantial age increases appear possible, but it is not yet clear whether such large increases occur in real white dwarfs. A second advance is the prediction, based on state-of-the-art physical calculations, that ionization of H at low temperatures and increasing densities may occur via a first-order "plasma phase transition" (PPT). Astrophysical consequences of this result are still being explored in an effort to test this prediction. Related to these equation-of-state calculations are calculations of the enhancement of nuclear reaction rates at high densities. New thermonuclear rates have been computed for C+C reactions in BIMs, although there is currently some controversy about results at the highest densities. New pycnonuclear reaction rates have also been calculated for BIMs, and it has been suggested that He-burning at T = 0 may occur through a first-order phase transition. Finally, calculations of the equation of state of matter in strong magnetic fields and of radiative opacities at high densities have undergone very recent and substantial improvements, which are just beginning to be utilized in astrophysical calculations.
Introduction
The purpose of this paper is to summarize various problems related to the equations of state (EOS) used in stellar structure and evolution calculations. I shall be concerned with quantities such as the EOS itself, various transport coefficients, nuclear reaction rates, and so forth. I shall endeavor to summarize some of the most recent advances in these areas, but it is not possible here to cover all topics of interest. In particular, there have been some interesting recent calculations of the EOS of matter in strong magnetic fields which are mentioned only briefly at the end of this paper.
Let me begin with a reminder of the parameters needed for stellar evolution calculations. The four equations describing the time-dependent structure of a star are (c/. Clayton 1968, pp. 436 ff.) :
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and In order to solve these equations, we need to know the following properties of stellar matter: the pressure P = P(p,T), the entropy S = S(p,T), the opacity K = n(p,T), and the net nuclear energy generation rate e = e(p,T). The relations giving the dependence of the pressure and entropy upon the thermodynamic state variables p, the mass density, and T, the temperature, are collectively called the "equation of state." Quantities such as the radiative opacity K and the so-called "conductive opacity" Kc, proportional to the inverse of the thermal conductivity, are termed transport coefficients; they determine the rate of transport of some physical quantity, such as heat. For some purposes, we also need to know the viscosity (which controls the rate of transport of momentum) or the ambipolar diffusion coefficients (which govern the rate of gravitational separation of elements in a star); for the most part I shall neglect these quantities in this brief review. The thermonuclear and pycnonuclear (density-induced) reaction rates e and the neutrino loss rates e v round out the list of physical quantities needed. It is also useful to have some idea of the values of the dimensionless physical parameters that characterize the state of matter at different temperatures and densities. has illustrated this for plasmas composed of H or of Fe. Here we briefly describe the changes in the physical conditions, beginning at low p and at thermal energies kT much less than the ionization potentials of the atoms. Under these conditions, matter consists of an ideal gas of neutral atoms or molecules. As the temperature increases, but still at low densities, the molecules first dissociate into neutral atoms, and the atoms subsequently ionize. At sufficiently high T, matter consists of a fully ionized plasma of bare atomic nuclei and electrons. Under these conditions, matter can still be described as a mixture of ideal gases (the ions and electrons). If the density is now increased along some isotherm, new, density-dependent effects begin to appear. As the electrons in the plasma become crowded increasingly close together, degeneracy first becomes important. This occurs when kT ~ cp, where €F is the Fermi energy. At still higher densities, the Coulomb interaction energy (Ze) 2 /a between the electrons and ions becomes comparable to kT. Here a is a measure of the average separation of electrons and ions; it is of the order of the size of the "Wigner-Seitz sphere" containing just enough electrons to neutralize the ionic charge. The quantity T = (Ze) 2 /akT is the dimension-less parameter generally used to characterize the strength of the Coulomb interaction.
The condition T < < 1 corresponds to a high-temperature, low-density, fully ionized plasma. If we continue our tour through the (p, T) plane along an isochore at very high density but decreasing temperature, the parameter T continually increases. This corresponds to the increasing importance of the Coulomb interactions. At sufficiently low T, coresponding to T « 180, the plasma actually freezes into a crystalline lattice structure. This was first discovered more than 25 years ago as a result of numerical simulations of the properties of the idealized "one-component plasma" (OCP), consisting of a single species of ions in a uniform neutralizing background. Advances in computer technology have now permitted Monte Carlo simulations extending over tens or hundreds of millions of configurations for thousands of particles of several different species and have greatly improved the precision of our knowledge of the thermodynamic properties of very dense plasmas. Much of the discussion in the remainder of this paper concerns results we have learned from such investigations. Indeed, for "binary ionic mixtures" (BIMs), consisting of two species of ions in a uniform background, much of the recent discussion has focused on calculations of the phase diagrams of the mixtures and the investigation of the possible astrophysical consequences of phase separation.
In §2 below, I first discuss the implications of the phase diagrams of various mixtures for the ages of the coolest white dwarf stars. Next, in §3, I consider the so-called "plasma phase transition," which has been suggested as the process by which the transition from low-density, molecular H2 to high-density metallic hydrogen occurs. I describe some recent work on nuclear reaction rates at high densities in §4, and in §5 I conclude with a list of some important problems that still need attention.
EOS I: Phase Separation in White Dwarfs and the Age of the Galaxy
Much of the reason for the current interest in the problem of phase separation in white dwarfs stems from the prospect of using white dwarf cooling theory to measure the age of the disk of our Galaxy. This method is based on the observed shortfall in the white dwarf luminosity function at log L/LQ « -4.5 (c/. Liebert, Dahn, and Monet 1988) ; the "luminosity function" is effectively the number density of stars per unit interval of log L/L®. Using the best existing white dwarf cooling calculations, the ages of the faintest white dwarfs are found to be ~ 9 Gyr (Winget et al. 1987; Iben and Laughlin 1989) . This result is surprising, because it is much less than the ages of the oldest globular cluster stars, which lie in the range from ~ 12 to 18 Gyr (c/. Norris and Green 1989) . This disagreement has important astrophysical consequences, because it implies either (1) that the ages of the white dwarfs are wrong because of unanticipated effects that lengthen the white dwarf cooling times or (2) that we require a new paradigm for galaxy formation.
The possibility that a new model for galaxy formation may be needed is the more interesting one, as it would have profound implications for many different areas of astrophysics. There are even some indications that this may be the case (Blitz 1993). For example, Larson's early theoretical calculations of pressure-supported collapse (Larson 1976, cited by Norris and Green 1989) indicate that the disk of our Milky Way Galaxy may have formed from the inside out, with a lapse of several billion years between the beginning of star formation in the central bulge and the onset of star formation out at the ~ 10 kpc distance of the Sun from the galactic center. In addition, some observations (Sarajedini and King 1989 , Lee 1992 , van den Bergh 1993 appear to indicate a real spread in the ages of the globular clusters. If this is the case, it supports a gradual collapse model for the formation of the Galaxy.
However, before one can uncritically accept the idea that a new model for galaxy formation is demanded by the evidence, it is important to investigate the alternative. In particular, are there additional energy sources that can "turn on" late in the evolution of a white dwarf and prolong the cooling times? One possibility that has been suggested to do precisely this is phase separation. The idea is that as a white dwarf cools to the point at which its center begins to freeze, it may undergo phase separation into, e.g., a less dense fluid and a denser solid. If this occurs, the solid can "snow out," falling toward the center of the white dwarf and liberating gravitational potential energy. If the density contrast is sufficiently great, the energy liberated can be substantial and may prolong the white dwarf cooling times significantly. It should also be noted, however, that this additional energy release produces a bump in the white dwarf luminosity function at low luminosities (Garcia-Berro et al. 1988) ; the prolongation of the cooling times means that more white dwarfs "pile up" in the lowest luminosity intervals. This effect is not seen in the observational luminosity function. However, the error bars are so large at the critical, low-luminosity end of the range that this effect might not have been detected, even if if it is present.
White dwarfs are thought to consist mainly of C and 0 , and Stevenson (1980) originally suggested that the phase diagram of the C/O mixture might have either a eutectic or a spindle form. If the phase diagram were of the eutectic type, the density contrast between the two phases would be substantial, and a considerable prolongation of the cooling times would occur. Conversely, if the phase diagram were of the spindle type, the density contrast would be much smaller, and a correspondingly smaller age change would result.
The importance of this issue led two groups independently to investigate this question using the best modern calculations. Barrat, Hansen, and Mochkovitch (1988) performed a density-functional calculation and found a spindle-shaped phase diagram. Ichimaru, Iyetomi, and Ogata (1988) carried out an analysis based on their very high-precision Monte Carlo calculations and found an azeotropic phase diagram (that is, a phase diagram that resembles a spindle shape except at low 0 abundances). In both cases, very little density contrast was produced upon phase separation, and the age-extension inferred for the oldest white dwarfs was found to be only At ~ 0.5 Gyr).
Another possibility that has been considered is C/Ne phase separation (Garcia-Berro et al. 1988) . Although the cosmic abundance of Ne is too small to produce a significant effect, the Ne abundance in white dwarfs is thought to be produced by nucleosynthesis from the primordial CNO elements during the prior stages of evolution and to be considerably larger than the cosmic abundance. The CNO elements incorporated into stars at birth are all converted primarily to 14 N during H-burning on the main sequence. The 14 N is subsequently converted into 22 Ne during He-burning in the red-giant phase, with an abundance as large as X^e ~ 0.02. This can in principle lead to significant energy release associated with C/Ne phase separation late in the cooling of a white dwarf. Preliminary estimates by Garcia-Berro et al. gave varying age-extensions At ranging up to several Gyr, depending upon the C/O ratio.
To investigate further the effects of phase separation involving trace elements, Segretain and Chabrier (1993) and Ogata et al. (1993) Ogata (1993) has recently performed the first detailed stellar evolution calculations that include C/Ne phase separation self-consistently. His computations show that the age of a 0.6 MQ C white dwarf with A^je = 0.02 at log L/LQ = -4.5 increases by 5.7 Gyr when C/Ne phase separation is included. If it is not washed out by other effects, this is large enough to resolve much of the discrepancy between the white dwarf ages and those of the globular cluster stars. However, the primordial CNO abundances are considerably less than X^e = 0.02, and since the age-extension At scales approximately linearly with these abundances it is not yet clear that the ages of the coolest white dwarfs actually are substantially increased. In addition, while Ogata and his collaborators have not yet computed the white dwarf luminosity function associated with their evolutionary calculations, from rather general considerations one expects a substantial bump. Averaging over the pre-white-dwarf mass distribution may flatten this bump somewhat, but these computations remain to be completed.
In two recent papers, Segretain et al. (1994) and Hernanz et al. (1994) carefully examined the effect of the different crystallization processes on the cooling time and on the luminosity function of white dwarfs. Their calculation of the luminosity function takes into account the white dwarf mass distribution function and a model for the chemical evolution of the Galaxy. These authors found out that the crystallization of trace elements alter severely the cooling time of the star, but do not modify significantly the position of the cut-off in the luminosity function, a direct consequence of the strong dependence of metallicity upon galactic evolution.
EOS II: Dense Hydrogen in Brown Dwarfs and Giant Planets
A second arena in which our understanding of astrophysical equations of state has recently undergone a considerable advance concerns the properties of dense H and in particular an improvement in our understanding of the manner in which the transition from neutral to ionized hydrogen occurs at low temperatures with increasing density ("pressure ionization"). There has been a long history of interest in the physics of this problem, and the astrophysical applications -especially to the interiors of the giant planets -have long been recognized. the pressure ionization (or equivalently the "metalization") of H; (2) the theoretical predictions that pressure ionization may occur via a first-order "plasma phase transition" (PPT); and (3) the flurry of astrophysical interest in the properties of "brown dwarf stars. It is beyond the scope of this paper to summarize all of the recent work on this problem, and I hope I may be forgiven for limiting myself to a few cases with which I am best acquainted.
Several groups have recently produced new equations of state for dense H (see later papers in these proceedings). Among these, the calculations by Saumon (1989) and Saumon and Chabrier (1989) stand out in my opinion in that they have extended realistic EOS calculations to sufficiently high densities to encounter pressure ionization. They found, as had also been suggested by earlier, less detailed calculations (Robnik and Kundt 1983; Kraeft et al. 1986) , that this transition appears to occur through a firstorder "plasma phase transition."
The theoretical prediction of the existence of the PPT by Saumon and Chabrier has not yet been confirmed experimentally, however. For this reason, there have been several recent efforts to find astrophysical tests of this result. In one effort, Chabrier, Saumon, and their colleagues have explored the consequences of the PPT for the structure and evolution of the giant planets and brown dwarfs Saumon et al. 1992) . While the effects they found were not large, they did discover that models including the first-order PPT were in slightly better agreement with the observational constraints than were models without the PPT.
A somewhat more promising test may involve studies of the effects of the PPT upon the oscillation modes of the giant planets. In the past several years, various groups have found observational evidence for periodic or quasiperiodic phenomena on Jupiter (Magalhaes et al. 1989 (Magalhaes et al. , 1990 Deming et al. 1989; Schmider and Mosser 1990; Schmider, Mosser, and Fossat 1991) . Lee, Strohmayer, and Van Horn (1992) have recomputed the global oscillation modes of Jupiter taking account of the PPT. If it exists, the associated density discontinuity permits the existence of global oscillation modes trapped at the PPT; this may provide an observational test of the existence or non-existence of the PPT. In addition, Marley (1991) has also shown that if global oscillations are excited on Saturn, the ring system may be a very sensitive detector of these modes.
Nuclear Reaction Rates at High Densities
Calculations of nuclear reaction rates at high densities are necessary for applications to supernova explosions and to accreting neutron stars and white dwarfs. Here I shall confine myself to brief discussions of three illustrative cases: the effects of screening on thermonuclear C+C reactions in pre-supernova models, the extension of pycnonuclear (density-induced) reaction rate calculations to binary ionic mixtures (BIMs), and preliminary investigations of He-"burning" at zero temperature.
I.4.I C-ignition
Calculations of the effects of electron-screening on the C+C thermonuclear reaction rate date back to the original work by Salpeter (1954) . He showed that the reaction rate is enhanced increasingly strongly by plasma screening at high densities. These calculations were subsequently improved by Salpeter and Van Horn (1969) and further refined by DeWitt, Graboske, and Cooper (1973) . The statistical physics foundation for nuclear reactionrate calculations in dense plasmas was substantially clarified by Jancovici (1977) and Alastuey and Jancovici (1978) . Ichimaru (1993) has recently reviewed the calculation of nuclear reaction rates in very dense plasmas. Both thermonuclear and pycnonuclear rates at high densities depend upon evaluations of the screening potential at small separations of the reacting nuclei. While Monte Carlo calculations have now developed to the point where relatively accurate values can be obtained for the screening potential when two reacting nuclei are separated by distances comparable to the average distance between nuclei in the plasma, the extrapolation of these results to near-zero separation, where the nuclear reaction occurs, has recently become the subject of some controversy. Ogata, Iyetomi, and Ichimaru (1991) have employed their most recent, highly accurate Monte Carlo results, extrapolated to zero separation by a technique they developed, to obtain a parametrized form for the screened C+C thermonuclear reaction rate both in the high-density fluid phase and in the solid phase of a C / 0 plasma. This is the first detailed calculation of the enhancement factor for nuclear reaction rates for a binary ionic mixture (BIM). Ogata et al. found (i) that quantum-statistical effects greatly enhance the reaction rate above the value predicted by the classical enhancement factor and (ii) that the presence of 0 in the solid phase acts to produce a blocking effect on the pycnonuclear reaction rates. The carbonignition curves are accordingly sensitive to the 0 abundance (c/. Ichimaru 1993). The calculations by Ogata et al. have been criticized by Rosenfeld (1993) , however, and the issue is currently unresolved. Ichimaru, Ogata, and Van Horn (1992) have developed an expression for the pycnonuclear reaction rate in a zero-temperature plasma which for the first time is valid for binary ionic mixtures (BIMs). Their result is:
1.4-2 Pycnonuclear reactions for BIMs
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where Z{, Ai, and X((i = 1,2) are, respectively, the atomic charges, masses, and mass fractions of the two reacting species. The quantities Sij are the cross-section factors (in MeV-barns). The dimensionless quantity Xij is defined by
where the r£ = [(At + Aj)n 2 )l2AiAjHZiZje 2 are the nuclear Bohr radii, °t'i = 2(°« + °i) a r e t^ie m e a n ion-sphere radii, and r m< ij are the observed peak positions of the pair correlation functions gij(r). The energy generation rate e is given by e = PijQ/p, where Q is the energy released per reaction.
He-"Burning" at T = 0
Pycnonuclear reaction rates for BIMs are necessary for calculations of the reactions subsequent to accretion onto the surfaces of neutron stars. The accepted model for X-ray burst sources is based on accretion of matter onto a neutron star from a low-mass, normal stellar companion. It is believed that hydrogen burns near the surface of the accreting neutron star at temperatures ~ 10 7 K and modest densities, leading to the accumulation of a ~ 10 7 K He layer of increasingly high density. When the density at the base of the accreted layer becomes great enough, He-burning is ignited, leading to a nuclear runaway. At sufficiently high accretion rates the temperature of the accreting matter is high, ignition involves screened tAermonuclear reactions, and the resulting, relatively mild, event produces an X-ray burst (Joss 1978; Taam and Picklum 1979) . At sufficiently low accretion rates, however, ignition may occur via pycnonuclear Tactions and may be quite violent. Thus calculations of He-burning reactions at low temperatures are of considerable astrophysical interest.
Under normal astrophysical conditions, He burning occurs via the coupled reactions 4 He + 4 He -* 8 Be and 4 He + 8 Be -• 12 C*, which together comprise the so-called "3a reaction." Both reactions are endoergic, and 8 Be and 1 2 C* normally decay spontaneously into the original reactants. The ground state of 12 C is formed through a rare 7-decay of the excited state 12 C*. In the past few years, several authors have investigated the modifications of the 3a reaction that occurs with increasing density. Fushiki and Lamb (1987) showed how to take account of screening in these reactions by performing an 5-matrix calculation for the 3a process. Their general calculation is valid for both the thermonuclear and pycnonuclear regimes. Among other things, they took into account the shift in the effective reaction energy produced by screening. More recently, Schramm, Langanke, and Koonin (1992) have done a QM calculation of the 3a reaction as a three-body problem, not as a succession of two-body problems.
An interesting alternative possibility is that He-burning may occur through a spontaneous, first-order phase transition instead of proceeding through the usual 3a reactions. When the density of the accumulated He at a neutron star surface increases to the point at which the electrostatic Coulomb interaction energy difference between a pair of reacting He nuclei and the resulting Be nucleus exceeds the -92 keV mass-energy difference, He ceases to be the lowest energy state. This occurs for the reaction 4 He + 4 He <-» 8 Be when the condition for thermodynamic equilibrium, 2fine -A*Be = 0 is satisfied. Calculations show that this condition is achieved at a density p = 4.1 x 10 9 g c m -3 (Van Horn, Ogata, and Ichimaru 1991; Schramm, Langanke, and Koonin 1992 and references therein) . This may have interesting consequences for the process by which matter accreted onto the surfaces of neutron stars reaches nuclear equilibrium at high densities, and thus affects the computations of the He shell-flashes that produce the X-or 7-ray bursts.
Some Unsolved Problems
In this final section, I conclude by merely listing a number of interesting problems that I do not have time to to discuss in detail but which I believe merit further study.
Matter in strong magnetic fields
Since Ruderman's (1974) seminal paper on " magnetic matter," it has been recognized that the structure of matter in such strong magnetic fields at the surfaces of neutron stars is radically different from that of, e.g., the matter inside a white dwarf. Fushiki et al. (1989) have computed the equation of state in the non-relativistic limit, near the surface of a neutron star. In contrast with earlier calculations, they find that the density of matter does not approach zero gradually as the pressure P falls to zero; instead they find a finite and large surface (P = 0) density, p ~ several xlO 3 g c m -3 , for magnetic field strengths ~ 10 12 G. More recently, Lai and Shapiro (1991) have extended these calculations to include relativistic electrons. They have confirmed that the surfaces of strongly magnetic neutron stars have very large densities, increasing with the magnetic field strength. They have also studied the effects of such strong fields on the processes of /3-decay and electron capture.
Two natural extensions of these calculations are (i) to augment them with new calculations of the transport properties of strongly magnetic matter and (ii) to incorporate the results into new models for the structure, evolution, and global oscillations of neutron stars. Some of these calculations are now beginning to be done (c/., Yakovlev 1993 ).
Radiative opacities
Another area in which substantial advances have occurred in recent years involves the calculation of radiative opacities at high densities. The OPAL project, led by F. J. Rogers and C. A. Iglesias at Lawrence Livermore National Laboratory (LLNL), showed that "non-hydrogenic" transitions (i.e., transitions in which the principal quantum number of the level remains unchanged) lead to a pronounced increase (more than a factor of two) in the opacity of typical astrophysical mixtures in the temperature range T ~ 10 s to 10 6 K (c/. Rogers, Iglesias, and Wilson 1987; Rogers and Iglesias 1992) .
The new OPAL opacities significantly improve the agreement both with astrophysical observations and with experimental data Iglesias 1992, 1993) . The second new initiative is the international Opacity Project, led by M. J. Seaton at University College London. This is a massive effort conducted by an international team of more than 25 scientists from at least seven nations to compute and compile the atomic data needed for astrophysical opacity calculations (c/. Seaton et al. 1992 and references therein) . In contrast to the OPAL calculations, which use a single-configuration atomic model with configuration interactions to generate the atomic data needed for opacity calculations, the OP calculations focus instead on the computation of high-accuracy transition data, using sophisticated theoretical models for the physics of the atomic properties and processes. As a result of the massive database thus generated, and of the effort to validate the calculations against experimental data wherever possible, the OP effort is just beginning to produce astrophysically useful results. Where the OPAL and OP calculations can be compared, the results are now in very good agreement.
Another interesting, new opacity calculation was published recently by Lenzuni, Chernoff, and Salpeter (1991) for a gas consisting solely of H and He, with no heavy elements. This calculation was motivated by an interest in the properties of the first generation of stars, which were formed prior to enrichment of the interstellar medium by the products of stellar nucleosynthesis. These calculations are also relevant to models for the atmospheres of very cool white dwarfs. One of the main contributions provided by these calculations is that the authors have fully included the effects of collisioninduced absorption by molecular hydrogen, which becomes the dominant process at high densities. Lenzuni et al. have incorporated the latest calculations of this process in their work. Lenzuni and Saumon (1992) have subsequently extended these calculations to still higher densities, using the number densities from the equationof-state calculations by Saumon and Chabrier (1989, 1991) . In addition to confirming the importance of collision-induced absorption by molecular H2, they found that absorption by H~ plays an increasingly important role at the highest densities considered, as "pressure-dissociation and ionization" produces relative increases in the number densities of neutral H atoms and electrons. Only very approximate information is available concerning the properties of H~ at very high densities, however, as Lenzuni and Saumon point out. Thus, the accuracy of the opacities at the very high densities remains uncertain, pending verification of the properties of H~ in high-density plasmas.
Finally, it has been known for some time that plasma dispersion affects the absorption of radiation in dense plasmas (c/., Cox and Giuli 1968; Aharony and Opher 1979). However, this has never been taken into account properly in computations of astrophysical opacities. Because of the current interest in accurate, new calculations of opacities, Van Horn (1992) and Kurilenkov and Van Horn (1993) have recently initiated an effort to extend calculations of the Rosseland mean absorption coefficient KR in a dense plasma to higher densities. They have obtained the following expression, which they are now
